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LIFESPAN OF SOLUTIONS FOR A WEAKLY COUPLED
SYSTEM OF SEMILINEAR HEAT EQUATIONS
KAZUMASA FUJIWARA, MASAHIRO IKEDA, AND YUTA WAKASUGI
Abstract. We introduce a straightforward method to analyze the blow-up
of solutions to systems of ordinary differential inequalities, and apply it to
study the blow-up of solutions to a weakly coupled system of semilinear heat
equations. In particular, we give upper and lower estimates of the lifespan of
the solution in the subcritical case.
1. Introduction
In this paper, we consider a weakly coupled system of semilinear heat equations{
∂tu−∆u = F (u), for t ∈ [0, T ), x ∈ R
n,
u(0, x) = u0(x), for x ∈ R
n
(1.1)
with n ≥ 1. Here u = (u1, u2, . . . , uk) : [0, T )×R
n → Rk, is an Rk-valued unknown
function with k ≥ 1. The nonlinearity F is defined as
F (u) = (F1(u), F2(u), . . . , Fk(u)), Fj(u) = |uj+1|
pj , pj ≥ 1 (j = 1, 2, . . . , k),
where uk+1 is interpreted as u1. Also, u0 = (u0,1, . . . , u0,k) ∈ L
1(Rn) ∩ L∞(Rn) is
a given initial data.
The system (1.1) with k = 2 was introduced by Escobedo and Herrero [4] as
a simple model of a reaction-diffusion system, which can describe a heat propa-
gation in a two-component combustible mixture. Later on, many authors studied
the system (1.1) and determined the so-called critical exponent. Here the critical
exponent is defined in the following way. Let P be a k × k matrix defined by
P =

0 p1 0 · · · 0
0 0 p2 · · · 0
...
...
. . .
. . .
...
0 0 · · · 0 pk−1
pk 0 · · · 0 0

and let I be the k-th identity matrix. If (p1, . . . , pk) 6= (1, . . . , 1), then it is easy to
see that |P − I| 6= 0, which enables us to define
α = t(α1, . . . , αk) = (P − I)
−1 · t(1, . . . , 1).
Here for each j, αj is explicitly given by
αj =
∑k−2
h=0
∏h
m=0 pj+m + 1∏k
m=1 pm − 1
,(1.2)
where for j > k, pj is interpreted as pj−k. Let αmax = max1≤j≤k αj . It is known
that if αmax < n/2, then the system (1.1) admits a unique global solution for small
1
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initial data; if αmax ≥ n/2, then solutions to (1.1) blow up in a finite time for any
nontrivial nonnegative initial data. In this sense, the relation αmax = n/2 is called
the critical exponent (see [1, 4, 5, 13, 18, 21, 22]). This is a natural extension of the
pioneering works by [7, 12, 15, 24] for the single semilinear heat equation because if
k = 1, then α1 = 1/(p− 1) and the critical case is given when p = 1 + 2/n, which
is the well-known Fujita exponent.
The reason why the exponent α is related to the critical exponent is explained
by the scaling argument (the following argument is also found in [19]). If u is a
solution to (1.1), then so is u(λ) for any λ > 0, where for 1 ≤ j ≤ k,
u
(λ)
j := λ
2αjuj(λ
2t, λx).(1.3)
Moreover, the L1-norm of the initial data ‖u
(λ)
j (0, ·)‖L1 = λ
2αj−n‖u0,j‖L1 is invari-
ant under the critical condition αj = n/2.
Here, we remark that the invariant scaling transformation (1.3) implies that
when k = 1, for any λ > 0,
Tm(u0)‖u0‖
1/(1/(p−1)−n/2)
L1 = Tm(u0)λ
−2‖u(λ)(0, ·)‖
1/(1/(p−1)−n/2)
L1
= Tm(u
(λ)(0, ·))‖u(λ)(0, ·)‖
1/(1/(p−1)−n/2)
L1(1.4)
where
Tm(u0) := sup{T > 0; With the initial data u0, there exists a unique solution
u ∈ C([0, T );L1(Rn) ∩ L∞(Rn)) to (1.1)}.(1.5)
Since λ > 0 is arbitrary, from (1.4), when k = 1, it is expected that for some
0 < c < C,
c‖u0‖
−1/(1/(p−1)−n/2)
L1 ≤ Tm(u0) ≤ C‖u0‖
−1/(1/(p−1)−n/2)
L1 .(1.6)
Indeed, the first estimate of (1.6) holds for any n ≥ 1 and non-negative u0 ∈
L1(Rn) ∩ L∞(Rn) when p < pF , provided that ‖u0‖L1 is replaced by ‖u0‖L1∩L∞ .
For details, see Proposition 1.3 below.
The aim of this paper is to prove the blow-up of solutions to (1.1) by a straight-
forward approach of ordinary differential equation(ODE). Specifically, a blow-up of
solutions to (1.1) follows from the study of the following ODE system:
d
dt
f(t) = F˜ (t, f(t)), for 0 < t < T.(1.7)
A general approach to study ODE systems is to find some function G : Rk → R such
that a single ODE of G follows from (1.7). In particular, we may find a function G
satisfying that
d
dt
G(f(t)) ≥ CG(f(t))γ ,(1.8)
with some positive constants C and γ, which may imply that G blows up at a finite
time. For example, Mochizuki [17] showed that solutions to (1.1) blow up when
k = 2, by studying (1.7) with F˜ = F and G(f) = f1. Indeed, Mochizuki obtained
an ODE for f1 by connecting two ODEs of (1.7) with the following identity:
1
p2 + 1
d
dt
(fp2+11 ) = f
p2
1 f
p1
2 =
1
p1 + 1
d
dt
(fp1+12 ).(1.9)
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By combining (1.7) and (1.9), one formally has
d
dt
f1(t) = f2(t)
p1 ∼ f1(t)
p1(p2+1)
p1+1 = f1(t)
1
α1
+1
,(1.10)
from which a sharp lifespan estimate for (1.1) is obtained. Here we say that a
lifespan estimate is sharp if pj = p < pF and u0,j = v0 ∈ L
1(Rn)∩L∞(Rn) for any j,
then Tm(v0) satisfies (1.6). However, for k ≥ 3, there is no identity like (1.9) which
unites equations of (1.7). In the case where k ≥ 3, Fila and Quittner [6] studied
(1.1) by an ordinary differential inequality (1.8) with G(f) =
∑k
j=1 fj and discussed
the blow-up rate of solutions near blow-up time (See Lemma 2.1 in [6]). However,
with this choice of G, it seems difficult to obtain the sharp lifespan estimate for
(1.7) and consequently also for (1.1) as well. On the other hand, Wang [23] obtained
the blow-up rate of solutions to (1.1) on a bounded domain in Rn with k ≥ 3 by
(1.8) with G(f) =
∏k
j=1 fj (See the proof of Theorem 1 in [23]). However, it also
seems difficult to get the sharp lifespan estimate with G(f) =
∏k
j=1 fj .
In this paper, so as to obtain a sharp lifespan estimate, we avoid using a function
G such as G(f) =
∏k
j=1 fj or G(f) =
∑k
j=1 fj . On the other hand, we introduce a
concatenation of equations of (1.7) derived by weakly coupled interaction and show
that for each j,
d
dt
fj(t) ≥ Cfj(t)
1
αj
+1
.
This is a natural extension of the idea of (1.10).
Before stating our main results, we recall the local existence of the solution.
Proposition 1.1. For any pj ≥ 1(j = 1, . . . , k) and u0 ∈ L
1(Rn) ∩L∞(Rn), there
exist T > 0 and a unique solution u ∈ C([0, T );L1(Rn) ∩ L∞(Rn)) to (1.1), which
satisfies (1.1) in the classical sense for 0 < t < T .
Proposition 1.1 may be obtained by a simple modification of the proof of Theorem
2.1 in [4]. Next we define lifespan of solutions to (1.1), in a similar manner to (1.5),
by
Tm := sup{T > 0; There exists a unique solution,
u ∈ C([0, T );L1(Rn) ∩ L∞(Rn))) to (1.1)}.
As a corollary of Proposition 1.1, we have the following blow-up alternative.
Corollary 1.2. If Tm <∞, then we have limt→Tm−0 ‖u(t)‖L1∩L∞ =∞.
Moreover, from Proposition 1.1 and a standard a priori estimate, we have the
lower bound of the lifespan.
Proposition 1.3. In addition to the assumptions of Proposition 1.1, we further
assume (p1, . . . , pk) 6= (1, . . . , 1). Then, there exist constants ε0 > 0 and C > 0
such that for any u0 satisfying ‖u0‖L1∩L∞ ≤ ε0, the lifespan satisfies
Tm ≥
{
∞ (αmax < n/2),
C‖u0‖
−1/(αmax−n/2)
L1∩L∞ (αmax > n/2).
We give a proof of Proposition 1.3 in Section 4.
Remark 1.1. In the critical case where αmax = n/2, we can also have the estimate
Tm ≥ exp
(
C‖u0‖
−(minj pj−1)
L1∩L∞
)
in the same way. However, it seems not optimal and
we do not pursue here the critical case.
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In order to state the main blow-up result of this paper, we introduce some
notation. Let λ > 0 and nonnegative φ satisfy ‖ψ‖L1 = 1 and
λ
2
ψ(x) =
{
−∆ψ(x) > 0, if |x| ≤ 1,
0, if |x| ≥ 1.
Namely, λ/2 is a positive eigenvalue of Dirichlet Laplacian on the unit disc, and ψ
is a null-extension of normalized positive eigenfunction. We put φR(x) as ψ(x/R)
2
with R > 0. Then {
R−2λφR(x) ≥ −∆φR(x), if |x| ≤ R,
φR(x) = ∇φR(x) = 0, if |x| ≥ R.
At last, for solutions to (1.1), we define
Uj,R(t) =
∫
Rn
uj(t, x)φR(x)dx (j = 1, . . . , k).
Then we have the following estimate.
Theorem 1.4. Let pj ≥ 1 for any 1 ≤ j ≤ k but let pj > 1 for some j.
Let u0 ∈ L
1(Rn) ∩ L∞(Rn) satisfy that u0,j is nonnegative for any j. Let u ∈
C([0, Tm);L
1(Rn)∩L∞(Rn)) be the corresponding solution of (1.1). If there exists
j0 ∈ {1, . . . , k} such that u0,j0 6≡ 0 and
αj0 >
n
2
,(1.11)
then u cannot exist globally and there exists R0 > 0 such that
Tm ≤ C0Uj0,R0(0)
−1/(αj0−n/2).(1.12)
with some constant C0.
Remark 1.2. (i) R0 is determined by
Uj0,R0(0) = C1R
−2αj0+n
0(1.13)
with a certain constant C1. (1.11) implies existence of R0 satisfying (1.13) for any
nonnegative u0,j0 ∈ L
1(Rn)\{0}, since f : R 7→ Uj0,R(0) is an increasing function
for R ≥ 0 with limR→−0 f(R) = 0.
(ii) Theorem 1.4 seems to be sharp from the viewpoint of the scaling (see (1.6)).
(iii) The proof of Theorem 1.4 implies that
Uj,R0(t) ≥ Cj(T0 − t)
−αj
for any 1 ≤ j ≤ k when t ∈ (0, T0) close to T0, where Cj is a positive constant and
T0 is the RHS of (1.12). However, Theorem 1.4 does not give the exact blow-up
rate because T0 is nothing but an upper bound of blow-up time (see [2]).
In Section 2, we prepare blow-up results for a system of ODEs. Then, in Section
3, we show Theorem 1.4 by combining a test function method developed by [3, 8–
11, 16, 25] with the ODE argument discussed in Section 2. Section 4 is devoted to
the proof of Proposition 1.3.
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2. ODE argument
In this section, for k ≥ 2, pj ≥ 1 (j = 1, . . . , k) with (p1, . . . , pk) 6= (1, . . . , 1),
and λ˜ ≥ 0, we consider the following ODE system:
d
dt
fj(t) ≥ C˜jfj+1(t)
pj , for 1 ≤ j ≤ k − 1, t ∈ [0, T ),
d
dt
fk(t) ≥ C˜ke
−λ˜tf1(t)
pk , for t ∈ [0, T ).
(2.1)
where C˜j > 0 for any j.
In order to state the blow-up statement for (2.1), we introduce the following
notation. For 1 ≤ j < k, let
Pk−j =
j∑
h=0
h∏
m=0
pk−j+m + 1, Qk−j =
j−1∑
h=0
h∏
m=0
pk−j+m + 1,
and let
Pk = pk + 1, Qk = 1.
Then (Pk−j)
k−1
j=1 and (Qk−j)
k−1
j=1 satisfy that for any 1 ≤ j < k,
Pk−j = pk−jPk−j+1 + 1,(2.2)
Qk−j = pk−jQk−j+1 + 1,(2.3)
and
Pk−j −Qk−j =
k∏
m=k−j
pℓ.(2.4)
By (1.2), (2.4), and the definition of Q1 and P2,
α1 =
Q1
P1 −Q1 − 1
, α2 =
P2
P1 −Q1 − 1
.(2.5)
For 1 ≤ j < k, we put
Ak−j = P
−1
k−jC˜k−j
j−1∏
h=0
(P−1k−hC˜k−h)
∏k−h−1
ℓ=k−j pℓ ,
Lk−j = λ˜
k−1∏
m=k−j
pm.
and let
Ak = P
−1
k C˜k, Lk = λ˜.
Then for 1 ≤ j ≤ k − 1,
Ak−j = P
−1
k−jC˜k−jA
pk−j
k−j+1,(2.6)
Lk−j = pk−jLk−j+1.(2.7)
Moreover, let
C˜ = L−11 (P1 −Q1 − 1)2
−p1(P2−1)/Q1P
1/Q1
1 A
1/Q1
1 .(2.8)
Now we are in the position to state our blow-up statement for (2.1).
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Proposition 2.1. If fj(0) ≥ 0 for j 6= 2 and
f2(0) > C˜
−α2A
α2/(α1P2)
2 C˜
−α2Q2/(α1P2)
1 ,(2.9)
then solutions fj to (2.1) satisfy that
f1(t) ≥ C˜
−1/α1(e−L1t/Q1 − e−L1T˜0/Q1)−α1 −A
−1/P2
2 C˜
Q2/P2
1 f2(0)
Q1/P2 ,(2.10)
where
T˜0 = −L
−1
1 Q1 log(1− C˜
−1A
1/(α1P2)
2 C˜
−Q2/(α1P2)
1 f2(0)
−1/α2).
Remark 2.1. Under the condition (2.9), we have T˜0 > 0.
Remark 2.2. Proposition 2.1 implies that if t is close to T˜0, the minorant of f1(t)
takes the form of (T˜0− t)
−α1 . Then if fk has a sense when t is close to T˜0, we have
d
dt
fk(t) ≥ C(T˜0 − t)
−pkα1 ,
and therefore fk may satisfy
fk(t) ≥ C(T˜0 − t)
−αk
for t close to T˜0. Indeed,
pkα1 − 1 = pk
∑k−2
h=0
∏h
ℓ=0 pk+1+ℓ + 1∏k
ℓ=1 pℓ − 1
− 1
=
∑k−3
h=0
∏h+1
ℓ=0 pk+ℓ + pk + 1∏k
ℓ=1 pℓ − 1
=
∑k−2
h=0
∏h
ℓ=0 pk+ℓ + 1∏k
ℓ=1 pℓ − 1
= αk,
where we put pk+j = pj for 1 ≤ j < k. Similarly, we have
fj(t) ≥ C(T˜0 − t)
−αj
for t close to T˜0 as long as fj has a sense.
In order to prove Proposition 2.1, at first, we recall the comparison principle for
ODE systems.
Lemma 2.2 ([14]). Let Fj : [0, T )× R→ R satisfy that if x > y,
Fj(t, x) > Fj(t, y)
holds for any 1 ≤ j ≤ k and t ∈ [0, T ). Let (fj)
k
j=1, (gj)
k
j=1 ⊂ C
1([0, T );R) satisfy
that for any 1 ≤ j ≤ k,
d
dt
fj(t) ≥ Fj(t, fj+1(t)),
d
dt
gj(t) ≤ Fj(t, gj+1(t)), for t ∈ [0, T )
and
fj(0) ≥ gj(0),
where fk+1 = f1 and gk+1 = g1. If fl(0) > gl(0) for some 1 ≤ l ≤ k, then
fj(t) > gj(t) holds for any t ∈ (0, T ) and 1 ≤ j ≤ k.
For completeness, we prove Lemma 2.2.
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Proof. Without loss of generality, we assume fk(0) > gk(0). This implies fk(t) >
gk(t) for t ∈ [0, τ0) with some τ0 > 0. Therefore, the inequality Fk−1(t, fk(t)) >
Fk−1(t, gk(t)) holds for t ∈ (0, τ0) and this leads to
d
dt
(fk−1(t)− gk−1(t)) ≥ Fk−1(t, fk(t)) −Fk−1(t, gk(t)) > 0
for t ∈ (0, τ0). Hence, the inequality above and fk−1(0) ≥ gk−1(0) imply that
fk−1(t) > gk−1(t) holds for t ∈ (0, τ0). Repeating this argument, we see that
fj(t) > gj(t) holds for any j and t ∈ (0, τ0). We suppose that for some j0 ∈
{1, . . . , k} and some t ∈ (0, T ), fj0(t) = gj0(t) holds. Then, we define
τj0 = inf{0 < t < T ; fj0(t) = gj0(t)}.
We note that τj0 > τ0. By the continuity of fj0 and gj0 ,
d
dt
fj0(τj0 )−
d
dt
gj0(τj0 ) ≤ 0.
Since
d
dt
(fj0(t)− gj0(t)) ≥ Fj0(t, fj0+1(t))−Fj0(t, gj0+1(t)),
we have fj0+1(τj0 ) ≤ gj0+1(τj0 ). Now, we can also define
τj0+1 = inf{0 < t < T ; fj0+1(t) = gj0+1(t)}
and we obtain τj0+1 < τj0 . Repeating this procedure, we define τj = inf{0 < t <
T ; fj(t) = gj(t)} satisfying that τj0 > τj0+1 > · · · > τk > τ1 > · · · > τj0−1 (when
j0 = 1, τ1 > · · · > τk). However, the same argument implies τj0−1 > τj0 (when
j0 = 1, τk > τ1), which is a contradiction and we have the assertion. 
For the proof of Proposition 2.1, the next lemma plays a critical role. For
simplicity, hereinafter, we denote ddtf as f
′.
Lemma 2.3. Let T > 0 and C, λ˜, p, q ≥ 0. Let f ∈ C2([0, T ); [0,∞)) and g ∈
C1([0, T ); [0,∞)) satisfy that{
Cf(t)p ≤ eλ˜tg′(t)f ′(t)q , for t ∈ [0, T ),
f ′(t), f ′′(t) ≥ 0, for t ∈ [0, T ).
Then
C
p+ 1
(f(t)p+1 − f(0)p+1) ≤ eλ˜tg(t)f ′(t)q+1 − g(0)f ′(0)q+1.
Proof. By using integration by parts,
C
p+ 1
(f(t)p+1 − f(0)p+1)
= C
∫ t
0
f(τ)pf ′(τ)dτ
≤
∫ t
0
eλ˜τg′(τ)f ′(τ)q+1dτ
= eλ˜tg(t)f ′(t)q+1 − g(0)f ′(0)q+1 −
∫ t
0
g(τ)(eλ˜τf ′(τ)q+1)′dτ
≤ eλ˜tg(t)f ′(t)q+1 − g(0)f ′(0)q+1.

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Proof of Proposition 2.1. By Lemma 2.2, it is enough to show (2.10) for{
g′j(t) = C˜jgj+1(t)
pj , for 1 ≤ j ≤ k − 1, t ∈ [0, T ),
g′k(t) = C˜ke
−λ˜tg1(t)
pk , for t ∈ [0, T ),
gj(0) = 0 for j 6= 2 and
C˜−α2A
α2/(α1P2)
2 C˜
−α2Q2/(α1P2)
1 < g2(0) < f2(0).(2.11)
Again by Lemma 2.2, we remark that gj(t) ≥ 0 for any 1 ≤ j ≤ k. By Lemma 2.3
and C˜kg
pk
1 = e
λ˜tg′k, we deduce
C˜k
pk + 1
g1(t)
pk+1 ≤ eλ˜tgk(t)g
′
1(t),
which is rewritten as
Akg1(t)
Pk ≤ eLktgk(t)g
′
1(t)
Qk .(2.12)
Here, we have used the fact that
g′′1 (t) = p1C˜1g2(t)
p1−1g′2(t) = p1C˜1C˜2g2(t)
p1−1g3(t)
p2 ≥ 0.
Taking the pk−1-th power in both sides of (2.12), multiplying the both sides by
C˜k−1, and by (2.2), (2.3), (2.6), (2.7), and using g
′
k−1(t) = C˜k−1gk(t)
pk−1 , we have
Pk−1Ak−1g1(t)
Pk−1−1 ≤ eLk−1tg′k−1(t)g
′
1(t)
Qk−1−1.
Again, by Lemma 2.3, we see that
Ak−1g1(t)
Pk−1 ≤ eLk−1tgk−1(t)g
′
1(t)
Qk−1 .
Repeating this argument, we have
A2g1(t)
P2 ≤ eL2tg2(t)g
′
1(t)
Q2 − g2(0)g
′
1(0)
Q2
= eL2tg2(t)g
′
1(t)
Q2 − C˜Q21 g2(0)
Q1 .
Here, we put
g1(t) = g1(t) +A
−1/P2
2 C˜
Q2/P2
1 g2(0)
Q1/P2 .
Then, we have
A2g1(t)
P2 = A2
(
g1(t) +A
−1/P2
2 C˜
Q2/P2
1 g2(0)
Q1/P2
)P2
(2.13)
≤ 2P2−1
(
A2g1(t)
P2 + C˜Q21 g2(0)
Q1
)
≤ 2P2−1eL2tg2(t)g
′
1(t)
Q2 .
Then, taking the p1-th power in both sides of (2.13), and multiplying the both sides
by C˜1, we have
2−p1(P2−1)P1A1g1(t)
P1−1 ≤ eL1tg′1(t)
Q1 .
Therefore, we obtain
g′1(t) ≥ 2
−p1(P2−1)/Q1P
1/Q1
1 A
1/Q1
1 e
−L1t/Q1g1(t)
(P1−1)/Q1 ,
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which and (2.5), (2.8), and (P1 − 1)/Q1 > 1 imply that
g1(t) ≥
(
g1(0)
−(P1−Q1−1)/Q1 − C˜(1− e−L1t/Q1)
)−Q1/(P1−Q1−1)
(2.14)
=
(
g1(0)
−1/α1 − C˜(1− e−L1t/Q1)
)−α1
= C˜−1/α1(e−L1t/Q1 − e−L1T˜1/Q1)−α1 ,
where
T˜1 = −L
−1
1 Q1 log
(
1− C˜−1A
1/(α1P2)
2 C˜
−Q2/(α1P2)
1 g2(0)
−1/α2
)
.
Indeed, we compute
g1(0)
−1/α1 = A
1/(α1P2)
2 C˜
−Q2/(α1P2)
1 g2(0)
−Q1/(α1P2)
= A
1/(α1P2)
2 C˜
−Q2/(α1P2)
1 g2(0)
−(P1−Q1−1)/P2
= A
1/(α1P2)
2 C˜
−Q2/(α1P2)
1 g2(0)
−1/α2 .
We also remark that (2.11) implies positiveness of T˜1. From (2.14), the definition
of g1(t), and Lemma 2.2, we have
f1(t) ≥ g1(t) ≥ C˜
−1/α1
(
e−L1t/Q1 − e−L1T˜1/Q1
)−α1
−A
−1/P2
2 C˜
Q2/P2
1 g2(0)
Q1/P2 .
Finally, by taking the limit g2(0) → f2(0), the RHS of the inequality above con-
verges to that of (2.10). We note that g2(0) < f2(0) leads to T˜1 > T˜0, and T˜1 → T˜0
by letting g2(0)→ f2(0). 
3. Proof of Theorem 1.4
In this section, we prove Theorem 1.4. Here we restate Theorem 1.4 with more
details.
Proposition 3.1. Let u0 ∈ L
1(Rn) ∩ L∞(Rn) satisfy u0,j ≥ 0 for any 1 ≤
j ≤ k. We assume pj ≥ 1 (j = 1, . . . , k) and (p1, . . . , pk) 6= (1, . . . , 1). Let
u ∈ C([0, T );L1(Rn)∩L∞(Rn)) be a classical solution of (1.1). We further assume
that there exists j0 ∈ {1, . . . , k} such that αj0 >
n
2 and u0,j0 6≡ 0. Then, for some
constants C1, C2, C3, we have
Uj0−1,R0(t) + C2
(3.1)
≥ C1e
−2R−20 t(e−2λ
∏
m 6=j0−2
pmR
−2
0 t/αj0−1 − e−2λ
∏
m 6=j0−2
pmR
−2
0 T0/αj0−1)−αj0−1
with T0 satisfying
0 < T0 ≤ C3Uj0,R(0)
−1/(αj0−n/2)(3.2)
and R0 defined by
Uj0,R0 = 2
αj0C1
2αj0−nR
−2αj0+n
0 ,(3.3)
where we interpret U0,R = Uk,R, α0 = αk, p0 = pk, and p−1 = pk−1.
Here, we remark that Proposition 3.1 implies Tm ≤ T0, that is, the assertion of
Theorem 1.4.
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Proof. Without loss of generality, we assume j0 = 2. Recall ‖φ‖L1 = 1. Then by
the Ho¨lder inequality, we have
∫
Rn
uj+1(t, x)φR0 (x)dx ≤
(∫
Rn
φR0(x)dx
)1/p′j(∫
Rn
|uj+1(t, x)|
pjφR0(x)dx
)1/pj(3.4)
≤ R
n/p′j
0
(∫
Rn
|uj+1(t, x)|
pjφR0(x)dx
)1/pj
.
Here, p′j is the Ho¨lder conjugate of pj , that is, p
′
j = pj/(pj−1) if pj > 1 and p
′
j =∞
if pj = 1. Hereafter, we interpret that 1/p
′
j = 0 if p
′
j =∞. We deduce that
U ′j,R0(t) =
∫
Rn
∂tuj(t, x)φR0 (x)dx
=
∫
Rn
∆uj(t, x)φR0 (x)dx +
∫
Rn
|uj+1(t, x)|
pjφR0(x)dx
=
∫
Rn
uj(t, x)∆φR0 (x)dx +
∫
Rn
|uj+1(t, x)|
pjφR0(x)dx
≥ −2λR−20
∫
Rn
uj(t, x)φR0 (x)dx +
∫
Rn
|uj+1(t, x)|
pjφR0(x)dx
≥ −2λR−20 Uj,R0(t) +
∫
Rn
|uj+1(t, x)|
pjφR0(x)dx.
Combining this and (3.4), we see that for any j ∈ {1, . . . , k}, Uj,R0 satisfies
U ′j,R0 + 2λR
−2
0 Uj,R0 ≥ R
−n(pj−1)
0 U
pj
j+1,R0
.
Furthermore, since Uj,R ≥ 0, we immediately obtain from the above inequality that
U ′j,R0 + ΛjR
−2
0 Uj,R0 ≥ R
−n(pj−1)
0 U
pj
j+1,R0
,(3.5)
where
Λk = 2λ, Λj = pjΛj+1 (j = 1, . . . , k − 1).
Put U˜j = e
ΛjR
−2
0 tUj,R0 for 1 ≤ j ≤ k. Then, by (3.5), for 1 ≤ j ≤ k − 1, we have
U˜ ′j = e
ΛjR
−2
0 t
(
U ′j,R0 + ΛjR
−2
0 Uj,R0
)
≥ R
−n(pj−1)
0 e
ΛjR
−2
0 tU
pj
j+1,R0
= R
−n(pj−1)
0 e
−(pjΛj+1−Λj)R
−2
0 tU˜
pj
j+1
= R
−n(pj−1)
0 U˜
pj
j+1,
and
U˜ ′k = e
ΛkR
−2
0 t
(
U ′k,R0 + ΛkR
−2
0 Uk,R0
)
≥ R
−n(pk−1)
0 e
ΛkR
−2
0 tUpk1,R0
= R
−n(pk−1)
0 e
−(pkΛ1−Λk)R
−2
0 tU˜pk1 .
Then we apply Proposition 2.1 with fj = U˜j , C˜j = R
−n(pj−1)
0 , λ˜ = (pkΛ1−Λk)R
−2
0 .
Indeed, we first remark that U˜2(0) > 0 holds since we assume that u0,2 ≥ 0 and
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u0,2 6≡ 0 (see also Remark 1.2 (i) and (3.3)). Next, we check the condition (2.9).
We note that pkΛ1 − Λk = 2λ(
∏k
j=1 pj − 1) = 2λ(P1 −Q1 − 1), and hence,
L1
Q1
=
λ˜
Q1
k−1∏
m=1
pm = 2λR
−2
0
P1 −Q1 − 1
Q1
k−1∏
m=1
pm = 2λR
−2
0 α
−1
1
k−1∏
ℓ=1
pm.(3.6)
Here, we have used (2.5). From here, C denotes general constants independent of
R0. If k = 2, A2 is computed as
A2 = P
−1
2 C˜2 = CR
−n(p2−1)
0 = CR
−n(P2−Q2−1)
0 ,(3.7)
otherwise,
A2 = P
−1
2 C˜2
k−3∏
h=0
(P−1k−hC˜k−h)
∏k−h−1
m=2 pm(3.8)
= CR
−n(p2−1+
∑k−3
h=0(pk−h−1)
∏k−3−h
m=0 pm+2)
0
= CR
−n(
∏k−2
m=0 pm+2−1)
0
= CR
−n(P2−Q2−1)
0 .
Here, we have used (2.4). We recall that by (2.6) and (2.8),
C˜ = Cλ˜−1C˜
1/Q1
1 A
p1/Q1
2 .
From this and λ˜−1 = CR20, RHS of (2.9) is calculated as
C˜−α2A
α2/(α1P2)
2 C˜
−α2Q2/(α1P2)
1 = C
(
R−20 C˜
−1/Q1−Q2/(α1P2)
1 A
1/(α1P2)−p1/Q1
2
)α2(3.9)
Let us further compute the RHS. We also directly obtain
−
1
Q1
−
Q2
α1P2
= −
1
Q1
−
Q2
P2
(
P1 − 1
Q1
− 1
)
= −
1
Q1
−
Q2
P2
(
p1P2
Q1
− 1
)
= −
1
Q1
−
Q1 − 1
Q1
+
Q2
P2
=
Q2 − P2
P2
,
1
α1P2
−
p1
Q1
=
P1 −Q1 − 1
Q1P2
−
p1
Q1
= −
1
P2
.
Since C˜1 = CR
−n(p1−1),
C˜
−1/Q1−Q2/(α1P2)
1 = CR
−n(p1−1)(Q2−P2)/P2
0 = CR
n(P1−Q1−(P2−Q2))/P2
0 .(3.10)
Moreover, (3.7) and (3.8) imply
A
1/(α1P2)−p1/Q1
2 = CR
n(P2−Q2−1)/P2
0 .(3.11)
From (3.9)–(3.11), that the LHS of (3.9) is simply expressed as(
C˜−1A
1/(α1P2)
2 C˜
−Q2/(α1P2)
1
)α2
= C
(
R
−2+n(P1−Q1−1)/P2
0
)α2
= CR−2α2+n0 .
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Here, in the constant C on the RHS depends only on (p1, . . . , pk). Let us rewrite
the identity above as(
C˜−1A
1/(α1P2)
2 C˜
−Q2/(α1P2)
1
)α2
= (C1R
−1
0 )
2α2−n.(3.12)
This and (3.3) imply
C˜−1A
1/(α1P2)
2 C˜
−Q2/(α1P2)
1 U2,R0(0)
−1/α2 =
(
C1R
−1
0
)2−n/α2
U2,R0(0)
−1/α2 =
1
2
.
Thus, the assumption (2.9) holds, and we can apply Proposition 2.1. The assertion
(2.10) of Proposition 2.1 with (3.6) lead to the estimate (3.1) with T0 satisfying
T0 = −L
−1
1 Q1 log
(
1− C˜−1A
1/(α1P2)
2 C˜
−Q2/(α1P2)
1 U2,R0(0)
−1/α2
)
≤ CR20
≤ CU2,R0(0)
−1/(α2−n/2).
Here, the first identity follows from the assertion of Proposition 2.1, the second
inequality is due to (3.6), and the third inequality is due to (3.3). This completes
the proof. 
4. Lower bound of the lifespan
In this section, we give the proof of Proposition 1.3. The global existence for the
case when αmax < n/2 may be shown by the argument of [4, 20, 22]. However, for
reader’s convenience, we give a proof here. By Proposition 1.1, we construct the
local solution u ∈ C([0, Tm);L
1(Rn) ∩ L∞(Rn)) of the integral equation
uj(t) = e
t∆u0,j +
∫ t
0
e(t−τ)∆|uj+1|
pj dτ.
Let lj ≤ n/2 determined later and we define
M(t) := sup
τ∈[0,t)
k∑
j=1
{
(1 + τ)lj‖uj(τ)‖L∞ + (1 + τ)
lj−n/2‖uj(τ)‖L1
}
.
It is well known that for 1 ≤ p ≤ q ≤ ∞,
‖et∆f‖Lq ≤ Ct
−n2 (
1
p
− 1
q )‖f‖Lp.(4.1)
By using (4.1),
(1 + t)lj−n/2‖uj(t)‖L1
≤ C(1 + t)lj−n/2‖u0,j‖L1 + C(1 + t)
lj−n/2
∫ t
0
‖uj+1(τ)‖
pj
Lpj
dτ
≤ C(1 + t)lj−n/2‖u0,j‖L1
+ C(1 + t)lj−n/2
∫ t
0
(1 + τ)−lj+1pj+n/2M(τ)pj dτ
≤ C(1 + t)lj−n/2‖u0,j‖L1 + CLj(t)M(t)
pj ,
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where
Lj(t) =

(1 + t)lj−n/2 (−lj+1pj + n/2 < −1),
(1 + t)lj−n/2 log(1 + t) (−lj+1pj + n/2 = −1),
(1 + t)lj−lj+1pj+1 (−lj+1pj + n/2 > −1)
and we have used the fact that, by the interpolation and Young inequality
‖uj+1(τ)‖
pj
Lpj
≤ ‖uj+1(τ)‖
pj−1
L∞ ‖uj+1(τ)‖L1
= (1 + τ)−pj lj+1+n/2((1 + τ)lj+1‖uj+1(τ)‖L∞)
pj−1((1 + τ)lj+1−n/2‖uj(τ)‖L1)
≤ (1 + τ)−pj lj+1+n/2M(τ)pj .
Next, we consider the estimate for ‖uj(t)‖L∞ . First, for 0 < t ≤ 1, we apply
L∞-L∞ estimate to obtain
‖uj(t)‖L∞ ≤ C‖u0,j‖L∞ + C
∫ t
0
‖uj+1(τ)‖
pj
L∞ dτ
≤ C‖u0,j‖L∞ + C
∫ 1
0
(1 + τ)−lj+1pjM(τ)pj dτ
≤ C‖u0,j‖L∞ + CM(t)
pj .
For t ≥ 1, we apply L1-L∞ estimate to obtain
(1 + t)lj‖uj(t)‖L∞ ≤ C(1 + t)
lj t−n/2‖u0,j‖L1
+ C(1 + t)lj
∫ t/2
0
(t− τ)−n/2‖|uj+1(τ)|
pj ‖L1 dτ
+ C(1 + t)lj
∫ t
t/2
‖uj+1(τ)‖
pj
L∞ dτ
≤ C(1 + t)lj−n/2‖u0,j‖L1
+ C(1 + t)lj−n/2
∫ t/2
0
(1 + τ)−lj+1pj+n/2M(τ)pj dτ
+ C(1 + t)lj
∫ t
t/2
(1 + τ)−lj+1pjM(τ)pj dτ
≤ C(1 + t)lj−n/2‖u0,j‖L1 + CLj(t)M(t)
pj .
We remark that, the definition of Lj(t) implies that for any t > 0,
(1 + t)lj
∫ t
t/2
(1 + τ)−lj+1pjdτ ≤ C(1 + t)lj−lj+1pj+1 ≤ CLj(t).
Therefore, we conclude
M(t) ≤ C0‖u0‖L1∩L∞ + C1 max
1≤j≤k
(Lj(t)M(t)
pj )(4.2)
with some constants C0, C1 > 0.
Now, we determine lj (1 ≤ j ≤ k) in the following way. Let 1 =
t(1, . . . , 1),
l = t(l1, . . . , lk), α =
t(α1, . . . , αk).
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Case 1: When αmax < n/2, we take ε > 0 so that (1 + ε)αmax < n/2. Then, we
determine l by the relation
lj − lj+1pj + 1 = −ε,
namely,
l = (1 + ε) (P − I)
−1
1 = (1 + ε)α.
Then, it is obvious that lj < n/2 for 1 ≤ j ≤ k. Therefore, by the definition of
Lj(t), in any case we have Lj(t) ≤ C with some constant C > 0 independent of
t ≥ 0. Thus, from (4.2), we have the a priori estimate
M(t) ≤ C0‖u0‖L1∩L∞ + C
′
1 max
1≤j≤k
M(t)pj ,
which enables us to prove the small data global existence of the solution. Namely,
in this case Tm =∞ holds for small initial data.
Case 2: When αmax > n/2, we determine l by the relation
lj − lj+1pj + 1 = (αmax − n/2) (pj − 1) (1 ≤ j ≤ k),
that is,
l = α− (αmax − n/2)1.
In this case, again,
lj = αj − αmax + n/2 ≤ n/2.(4.3)
Moreover, we remark that for any j,
−lj+1pj + n/2 > −1.(4.4)
Indeed, if there exists some j0 such that
−lj0+1pj0 + n/2 ≤ −1,
then
0 ≥ lj0 − n/2 ≥ lj0 − pj0 lj0+1 + 1 = (αmax − n/2)(pj0 − 1) ≥ 0.
Therefore pj0 = 1, lj0 = n/2, and lj0+1 ≥ n/2 + 1, which contradicts (4.3). By
(4.4), for any 1 ≤ j ≤ k,
Lj(t) = (1 + t)
(αmax−n/2)(pj−1).
Therefore, by (4.2) we conclude
M(t) ≤ C0‖u0‖L1∩L∞ + C1 max
1≤j≤k
(1 + t)(αmax−n/2)(pj−1)M(t)pj .
We take again T1 as the smallest time such that M(t) = 2C0‖u0‖L1∩L∞ (we note
that if such a time does not exist, we have Tm =∞). Then, substituting t = T1 in
the above inequality, we have
C0‖u0‖L1∩L∞ ≤ C1 max
1≤j≤k
(1 + T1)
(αmax−n/2)(pj−1) (2C0‖u0‖L1∩L∞)
pj ,
which and smallness of u0 imply that
Tm > T1 ≥ C‖u0‖
−1/(αmax−n/2)
L1∩L∞ .
This completes the proof.
LIFESPAN FOR A SYSTEM OF SEMILINEAR HEAT EQUATIONS 15
Acknowledgments
The authors would like to express their hearty thanks to Dr. Ko¯dai Fujimoto for
valuable discussions. This work was partly supported by JSPS KAKENHI Grant
Numbers 16J30008, 15K17571, and 16K17625.
References
[1] Y. Aoyagi, K. Tsutaya, Y. Yamauchi, Global existence of solutions for a reaction-diffusion
system, Differential Integral Equations 20 (2007), 1321–1339.
[2] J. M. Ball, Remarks on blow-up and nonexistence theorems for nonlinear evolution equa-
tions, Quart. J. Math. Oxford 28 (1977), 473–486.
[3] P. Baras, M. Pierre, Crite`re d’existence de solutions positives pour des e´quations semi-
line´aires non monotones, Ann. Inst. H. Poincare´ Anal. Non Line´aire 2 (1985), 185–212.
[4] M. Escobedo, M. A. Herrero, Boundedness and blow up for a semilinear reaction-diffusion
system, J. Differential Equations 89 (1991), 176–202.
[5] M. Escobedo, H. A. Levine, Critical blowup and global existence numbers for a weakly
coupled system of reaction-diffusion equations, Arch. Rational Mech. Anal. 129 (1995), 47–
100.
[6] M. Fila, P. Quittner, The blow-up rate for a semilinear parabolic system, J. Math. Anal.
Appl. 238 (1999), 468–476.
[7] H. Fujita, On the blowing up of solutions of the Cauchy problem for ut = ∆u + u1+α, J.
Fac. Sci. Univ. Tokyo Sec. I 13 (1966), 109–124.
[8] K. Fujiwara, M. Ikeda, Y. Wakasugi, Blow-up of solutions for weakly coupled systems
of complex Ginzburg-Landau equations, Electron. J. Differential Equations 2017 (2017), No.
196, 1–18.
[9] K. Fujiwara, M. Ikeda, Y. Wakasugi, Estimates of lifespan and blow-up rates for the wave
equation with a time-depedent damping and a power-type nonlinearity, to appear in Funkcial.
Ekvac., arXiv:1609.01035v2.
[10] K. Fujiwara, T. Ozawa, Finite time blowup of solutions to the nonlinear Schro¨dinger equa-
tion without gauge invariance, J. Math. Phys. 57 082103 (2016), 1–8.
[11] K. Fujiwara, T. Ozawa, Lifespan of strong solutions to the periodic nonlinear Schro¨dinger
equation without gauge invariance, J. Evol. Equ., 17 (2017), 1023–1030.
[12] K. Hayakawa, On nonexistence of global solutions of some semilinear parabolic differential
equations, Proc. Japan Acad. 49 (1973), 503–505.
[13] K. Ishige, T. Kawakami, M. Sie¸rz˙zega, Supersolutions for a class of nonlinear parabolic
systems, J. Differential Equations 260 (2016), 6084–6107.
[14] E. Kamke Zur Theorie der Systeme gewo¨hnlicher Differentialgleichungen. II, Acta Math. 58
(1932), 57–85.
[15] K. Kobayashi, T. Sirao, H. Tanaka, On the growing up problem for semilinear heat equa-
tions, J. Math. Soc. Japan 29 (1977), 407–424.
[16] E. Mitidieri, S. I. Pohozaev Nonexistence of weak solutions for some degenerate elliptic
and parabolic problems on Rn, J. Evol. Equ., 1 (2001), 189–220.
[17] K. Mochizuki, Blow-up, lifespan and large time behavior of solutions of a weakly coupled
system of reaction diffusion equations, Adv. Math. Appl. Sci., 48, World Scientific (1998),
175–198.
[18] K. Mochizuki, Q. Huang, Existence and behavior of solutions for a weakly coupled system
of reaction-diffusion equations, Methods Appl. Anal. 5 (1998), 109–124.
[19] K. Nishihara, Y. Wakasugi, Global existence of solutions for a weakly coupled system of
semilinear damped wave equations, J. Differential Equations 259 (2015), 4172–4201.
[20] T. Ogawa, H. Takeda, Non-existence of weak solutions to nonlinear damped wave equations
in exterior domains, Nonlinear Anal. 70 (2009) 3696–3701.
[21] J. Renclawowicz, Global existence and blow-up for a completely coupled Fujita type system,
Appl. Math. 27 (2000), 203–218.
[22] N. Umeda, Blow-up and large time behavior of solutions of a weakly coupled system of
reaction-diffusion equations, Tsukuba J. Math. 27 (2003), 31–46.
[23] M. Wang, Blow-up rate for a semilinear reaction diffusion system, Comput. Math. Appl. 44
(2002), 573–585.
16 K. FUJIWARA, M. IKEDA, AND Y. WAKASUGI
[24] F. B. Weissler, Existence and non-existence of global solutions for a semilinear heat equa-
tion, Israel J. Math. 38 (1981), 29–40.
[25] Qi S. Zhang, Blow-up results for nonlinear parabolic equations on manifolds, Duke Math. J.
97 (1999), 515–539.
(K. Fujiwara) Centro di Ricerca Matematica Ennio De Giorgi, Scuola Normale Supe-
riore, Piazza dei Cavalieri, 3, 56126 Pisa, Italy.
E-mail address: kazumasa.fujiwara@sns.it
(M. Ikeda) Department of Mathematics, Faculty of Science and Technology, Keio
University, 3-14-1 Hiyoshi, Kohoku-ku, Yokohama, 223-8522, Japan
E-mail address: masahiro.ikeda@keio.jp
Center for Advanced Intelligence Project, RIKEN, Japan
E-mail address: masahiro.ikeda@riken.jp
(Y. Wakasugi) Department of Engineering for Production and Environment, Gradu-
ate School of Science and Engineering, Ehime University, 3 Bunkyo-cho, Matsuyama,
Ehime, 790-8577, Japan
E-mail address: wakasugi.yuta.vi@ehime-u.ac.jp
